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This work studies the feasibility of optimal control of high-fidelity quantum gates in a model of
interacting two-level particles. One set of particles serves as the quantum information processor,
whose evolution is controlled by a time-dependent external field. The other particles are not directly
controlled and serve as an effective environment, coupling to which is the source of decoherence.
The control objective is to generate target one- and two-qubit gates in the presence of strong
environmentally-induced decoherence and physically motivated restrictions on the control field. The
quantum-gate fidelity, expressed in terms of a state-independent distance measure, is maximized
with respect to the control field using combined genetic and gradient algorithms. The resulting
high-fidelity gates demonstrate the utility of optimal control for precise management of quantum
dynamics, especially when the system complexity is exacerbated by environmental coupling.
PACS numbers: 03.67.Lx, 03.67.Pp, 32.80.Qk
Quantum systems often can be effectively managed us-
ing the methods of optimal control [1], including applica-
tions to complex quantum dynamics of interacting sys-
tems [2]. Optimal control is particularly important in
situations requiring precise quantum operations, as is the
case for quantum computation (QC) [3]. One of the most
difficult problems of QC is that unavoidable coupling of
the quantum information processor (QIP) to the environ-
ment results in a loss of coherence. In recent years, sig-
nificant attention was devoted to various methods of dy-
namic suppression of environmentally-induced decoher-
ence in open quantum systems, including applications of
pre-designed external fields [4] and optimal control tech-
niques [2, 5]. In a separate line of research, several works
[6] considered the generation of optimally controlled uni-
tary quantum gates in ideal situations with no environ-
ment present.
The optimal control of quantum gates in the presence
of decoherence still remains to be fully explored. Two
recent works [7, 8] discussed specific techniques, involv-
ing optimizations over sets of controls operating in pre-
designed “weak-decoherence” subspaces. We propose a
different approach in which the full power of optimal
control theory is used to generate the target gate trans-
formation with the highest possible fidelity while simul-
taneously suppressing decoherence induced by coupling
to a multiparticle environment. We do not rely on any
special pre-design of system parameters to weaken deco-
herence (e.g., using tunable inter-qubit couplings as in
Ref. [7] or auxiliary qubits as in Ref. [8]); the only con-
trol used in our approach is a time-dependent external
field. Optimization techniques were also applied recently
to quantum error correction (QEC) [9]. In contrast to
QEC, our approach does not require ancilla qubits and
is not limited to the weak decoherence regime. The opti-
mal control of quantum gates can potentially be used in
conjunction with QEC to achieve fault tolerance with an
improved threshold.
The optimal shape of the control field is found by em-
ploying a combined genetic algorithm (GA) and a gradi-
ent algorithm (GrA). We show that the optimal control
is able to precisely manage the complex dynamics of a
QIP in the presence of strong decoherence. Optimal so-
lutions reveal interesting control mechanisms that utilize
dynamic Stark shifts to weaken coupling to the environ-
ment and control-induced revivals to restore coherence.
Model system. We use a model of N interacting
two-level particles (e.g., spin-half particles or two-level
atoms), which are divided into the QIP, composed of
m qubits, and an n-particle environment (N = m + n).
The qubits are directly coupled to a time-dependent ex-
ternal control field, while the environment is not di-
rectly controlled and is managed only through its inter-
action with the qubits. The evolution of the compos-
ite system of qubits and environment is treated in an
exact quantum-mechanical manner, without either ap-
proximating the dynamics by a master equation or using
a perturbative analysis based on the weak coupling as-
sumption. The Hamiltonian for the controlled system,










γijSi · Sj . (1)
Here, Si = (Six, Siy, Siz) is the spin operator for the ith
particle (Si =
1
2σi, in terms of the Pauli matrices), H0 is
the sum over the free Hamiltonians ωiSiz for all N parti-
cles, HC specifies the coupling between the m qubits and
the time-dependent control field C(t) (µi are the dipole
moments), and Hint represents the Heisenberg exchange
interaction between the particles (γij is the coupling con-
stant for the ith and jth particles). This model is par-
ticularly relevant to spin-based solid-state realizations of
quantum gates [10, 11, 12].
In this work, we optimize one- and two-qubit gates
(m = 1 or 2) coupled to one-particle and multiparti-
cle environments (n ∈ {1, 2, 4, 6}). For a single qubit,
we assume that it is equally coupled to each environ-
mental particle while the environmental particles are not
directly coupled to each other (γij = γ for i = 1 and
j ∈ {2, . . . , N}, otherwise γij = 0). A two-particle envi-
ronment (n = 2) corresponds to a linear system with the
qubit at the center; extension to two and three dimen-
sions results in square (n = 4) and cubic (n = 6) systems,
respectively, where it is assumed that the Heisenberg in-
teraction is operative only for the nearest neighbors [10].
We also consider the system composed of two qubits and
a one-particle environment (a model relevant, e.g., for a
dilute nuclear spin bath [11]).
Distance measure. Let U(t) ∈ U(2N ) be the uni-
tary time-evolution operator of the composite system
and G ∈ U(2m) be the unitary target transformation
for the quantum gate. The evolution is governed by the
Schro¨dinger equation, U˙(t) = −iH(t)U(t), with the ini-
tial condition U(0) = 1 . The gate fidelity depends on
the distance between the actual evolution U ≡ U(tf )
at the final time tf and the target transformation G.
In order to perform a perfect gate, it suffices for the
time-evolution operator at t = tf to be in a tensor-
product form Uopt = G⊗Φ, where Φ ∈ U(2
n) is an arbi-
trary unitary transformation acting on the environment.
Therefore, the following objective functional is proposed
as the measure of the distance between U and G [13]:
J = λNmin
Φ
‖U−G⊗Φ‖ subject to Φ ∈ U(2n) [where ‖ ·‖
is a matrix norm on the space M2N (C) of 2
N × 2N com-
plex matrices and λN is a normalization factor]. Using







and λN = 2












where Q ∈ M2n (C) and Qνν′ , Grr′ , and Urr′νν′ are el-
ements of the matrix representations of Q, G, and U ,
respectively. Since 0 ≤ J ≤ 1, it is convenient to define
the gate fidelity as F = 1 − J . An important property
of this distance measure is its independence of the initial
state. In contrast to some other distance measures [3], J
is evaluated directly from the evolution operator U , with
no need to specify the initial state of the system.
Measure of decoherence. A useful measure of de-
coherence is the von Neumann entropy: SvN(t) =
−Tr {ρ1(t) ln [ρ1(t)]}, where ρ1(t) is the reduced density
matrix for the QIP, ρ1(t) = Trenv [ρ(t)]. For a pure state,
SvN = 0, while for a maximally mixed state of a k-level
system, SvN = ln(k). The initial state used for the en-





(where Siz |±〉i = ±
1
2 |±〉i).
System parameters. The system parameters are cho-
sen to ensure complex dynamics and strong decoherence:
values of γ/ω are up to 0.02, which is significant for QC
applications, and frequencies ωi are close (but not equal)
to enhance the interaction. For one qubit coupled to a
one-particle environment (m = n = 1), we choose ω1 = 1
and ω2 ≈ 0.99841 [14]. Imposing upper limits on the gate
duration (tf ≤ 60) and coupling constant (γ ≤ 0.02)
places the dynamics of the uncontrolled system in the
regime where decoherence increases monotonically with
time (before the entropy reaches its maximum value of
SvN ≈ ln 2); this prevents restoration of coherence to the
qubit by natural revivals. Thus, any increase in coher-
ence is attributed exclusively to the action of the control
field. When selecting parameters of a multiparticle en-
vironment, we apply the same criteria for maximizing
decoherence of the uncontrolled system.
Optimization procedure. A combined GA and GrA
are employed to minimize the distance measure J of
Eq. (2) (or, equivalently, to maximize the fidelity F )
with respect to the control field C(t). The target gates
used are the Hadamard, identity, and pi/8 phase gates for
one qubit, and the controlled-NOT (CNOT) entangling
gate for two qubits. Note that the Hadamard, phase and
CNOT gates constitute a universal set of logical opera-
tions for QC [3].
When a GA is used, the gate fidelity F is maximized
with respect to a parameterized control field C(t) =
f(t)
∑m
i=1 Ai cos (ω˜it+ θi). Here, f(t) is an envelope
function incorporating the field’s spectral width and Ai,
ω˜i, and θi are the amplitude, central frequency, and rela-
tive phase of the ith component of the field, respectively.
A combination of these parameters (“genes”) represents
an “individual” (whose “fitness” is the gate fidelity), and
a collection of individuals constitutes a “population” (we
use population sizes of ∼ 250).
Removing the constraints on the control field imposed
by the parameterized form above provides the potential
for more effective control of the system. In this case the
optimal control field is found by minimizing the following
functional [6]:











where Z(t) ≡ U˙(t)+iH(t)U(t). Upon minimization ofK,
the first integral constrains U(t) to obey the Schro¨dinger
equation [B(t) is an operator Lagrange multiplier] and
the second integral term penalizes the field fluence E =∫ tf
0 |C(t)|
2
dt with a weight α > 0. Applying the calculus
of variations to K with respect to B(t) and U(t) yields
the Schro¨dinger equation for U(t) and the time-reversed
2
Schro¨dinger equation for B(t): B˙(t) = iB(t)H(t), with
an appropriate final time condition. The optimal field is
found iteratively, using a GrA, until δK/δC(t) converges.
An output of the GA can be used as the initial guess.
At each iteration, U(t) and B(t) are propagated forward
and backward in time, respectively. The adjustment to
the control field for the kth iteration (k ∈ N) is given





where 0 < β ≤ 1. The multiplier sin (pit/tf ) ensures that
the control field C(t) is nearly zero at the initial and final
time (a reasonable physical restriction on the field).
Despite the lack of direct coupling of the control field
to the environment, it can be shown that the composite
system described by Eq. (1) is completely controllable
for a one-particle environment (n = 1), as defined in
Ref. [15]. However, the restrictions on the gate duration
and on the shape of the control field limit the achievable
fidelity.
One qubit coupled to a one-particle environment. Fi-
delities of optimally controlled one-qubit gates coupled
to a one-particle environment (m = n = 1) are presented
in Fig. 1 for various values of the coupling constant γ.
The control fields optimized for the actual values of γ
result in fidelities at least above 0.9991. In particular,
for the Hadamard gate, we obtain F > 1 − 10−6 for
γ = 0 (a closed system) and F ≈ 0.9995 for γ = 0.02
(the strongest coupling considered). In contrast, when
the control field optimized for γ = 0 is applied to the
system with γ = 0.02, it generates a gate with a poor
fidelity, F ≈ 0.91. This result demonstrates that optimal
solutions designed for the ideal case of a closed system
have little value when applied to realistic open systems.
However, the optimal control is able to generate quantum
gates with very high fidelities, if coupling to the environ-
ment is explicitly taken into account.
Optimal control fields for one-qubit gates with a one-
particle environment (γ = 0.02) are shown in Fig. 2. The
fields are intense, with maximum amplitudes larger than
2.0 (in the units of ~ = ω1 = µi = 1). The gate duration
is tf = 25.0, i.e., about four periods of free evolution.
The exact time structure of the optimal field is not intu-
itive and is delicately adjusted to the particular control
application. For example, control fields optimized for
γ = 0.02 are not only more intense than those optimized
for γ = 0, they also have very different structures.
Figure 3 shows the time behavior of the von Neumann
entropy of the qubit system for optimally controlled one-
qubit gates (with tf = 25.0 and γ = 0.02). The optimal
control dramatically enhances coherence of the qubit sys-
tem in comparison to the uncontrolled dynamics. Deco-
herence is suppressed by the control at all times, but es-
pecially at the end of the transformation (i.e., for t = tf ).
For example, SvN(tf ) < 10
−7 for the Hadamard gate with
γ = 0.02, which means that at t = tf the qubit system
and environment are almost completely uncoupled. In-
specting eigenvalues of the controlled Hamiltonian, we




















FIG. 1: The gate fidelity F versus γ, for optimally controlled
Hadamard (solid line), identity (dashed line), and phase (dot-
ted line) one-qubit gates (with a one-particle environment).
Values of γ range from 0 to 0.02 in increments of 0.001.
























FIG. 2: Optimal control fields C(t) for (a) Hadamard, (b)
identity, and (c) phase one-qubit gates (with a one-particle
environment, γ = 0.02) versus time.


























FIG. 3: The von Neumann entropy SvN for (a) Hadamard, (b)
identity, and (c) phase one-qubit gates (with a one-particle
environment, γ = 0.02) versus time. The initial state is |Ψ0〉.
find that the intense control field creates significant dy-
namic Stark shifts of the energy levels. This effect is
mainly responsible for reducing the qubit-environment
interaction during the control pulse. However, achiev-
ing extremely low final-time entropies and correspond-
ingly high gate fidelities requires the employment of an
induced coherence revival. In the uncontrolled system,
n 1 2 4 6
Amax 2.0 4.0 4.0 2.5
tf 25.0 15.4 25.0 25.0
E 20.0 49.0 55.5 34.0
F 0.9995 0.998 0.994 0.98
Fγ=0
a 0.91 0.88 0.84 0.77
SvN(tf ) 9× 10
−8 4× 10−5 5× 10−4 3× 10−3
aFidelities obtained when control fields optimized for γ = 0 are
applied to systems with γ = 0.02.
TABLE I: Optimal control field parameters, gate fidelity, and
final-time entropy for the Hadamard one-qubit gate coupled
to various n-particle environments (γ = 0.02). Here, Amax, tf ,
E , F , and SvN(tf) are the maximum field amplitude, control
duration, field fluence, gate fidelity, and final-time entropy,
respectively. The initial state for the entropy computation is
|Ψ0〉.
revivals occur at times much longer than tf , so that an
almost perfect coherence revival observed at t = tf is in-
duced exclusively by the control field. For very short gate
durations (tf < 5), a different type of optimal solution is
found. The control fails to induce revivals at such short
times and therefore generates gates with smaller fidelities
(e.g., F ≈ 0.99 for the Hadamard gate with γ = 0.02 and
tf ≈ 2.3). In this short-time regime the control relies on
the suppression of decoherence via Stark shifts and on
very fast operation, but not on the revivals. Such short-
time controls can be useful for environments with very
dense spectra.
One qubit with a multiparticle environment. Optimal
control field parameters, gate fidelity, and final-time en-
tropy for the Hadamard one-qubit gate coupled to n-
particle environments (m = 1, n ∈ {1, 2, 4, 6}, and
γ = 0.02) are reported in Table I. These results further
illustrate the benefits of optimal controls which explic-
itly take into account coupling to the environment. The
entropy dynamics indicate that for multiparticle environ-
ments the control employs the same mechanism of an in-
duced coherence revival, as described above for n = 1.
However, as the complexity of the composite system in-
creases, it becomes more difficult to induce an almost
perfect revival; therefore, gate fidelities decrease with n.
Two qubits with a one-particle environment. For this
scenario (m = 2 and n = 1), the coupling constant be-
tween the two qubits is γ12 = 0.1, while the coupling
constant between each qubit and the environment par-
ticle is γ13 = γ23 = γ. Frequencies of the two qubits
are ω1 = 1 and ω2 ≈ 1.09519, and the frequency of the
environment particle is ω3 ≈ 0.99841. Control fields ob-
tained for γ = 0 and γ = 0.01 generate the CNOT gate
with fidelities of 0.9999 and 0.98, respectively. When
γ = 0.01, the entropy for the uncontrolled evolution in-
creases monotonically until t ≈ 125 (reaching a maxi-
mum of 0.6), whereas the optimal control field results in
SvN ≈ 0.002 at tf = 121.1. The same pattern of a par-
tial revival at an intermediate time followed by an almost
complete revival at tf , seen in Fig. 3, is present also for
the two-qubit gate, but on a longer time scale.
Conclusions. This work demonstrates the importance
of optimal control theory for designing quantum gates,
especially in the presence of environmentally-induced de-
coherence. The model studied here represents a realistic
system of interacting qubits and is relevant for various
physical implementations of QC. Very precise optimal
solutions obtained in the presence of unwanted couplings
reveal control mechanisms which employ fast and intense
time-dependent fields to effectively suppress strong deco-
herence via dynamic Stark shifting and restore coherence
via an induced revival. These results further support the
use of laboratory closed-loop optimal controls, incorpo-
rating intense ultrafast fields, in QC applications.
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